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ON p-ADIC EXPANSIONS OF RAMANUJAN-LIKE SERIES
JESU´S GUILLERA
Abstract. Inspired by a Zudilin-Zhao’s supercongruences pattern related to Ramanujan-
like series for 1/pik, we conjecture a kind of p-adic expansions.
1. Introduction
Zudilin [9, 4] observed a pattern of supercongruences related to Ramanujan series for
1/pik, and Zhao [8] added a term to it. Here is an example
p−1∑
n=0
(
1
2
)5
n
(1)5n
(−1)n
4n
(20n2 + 8n+ 1)
?≡ p2 − 7
2
ζ(4− p) p5 (mod p6) (1)
for primes p > 3. They are supercongruences related to the Ramanujan-like series
∞∑
n=0
(
1
2
)5
n
(1)5n
(−1)n
4n
(20n2 + 8n+ 1) =
8
pi2
, (2)
proved by the author [2]. In this paper we try to find out where results like (1) could
come from.
2. An heuristic argument
If we expand (2) extended with x in powers of x, we get
∞∑
n=0
(
1
2
)5
n+x
(1)5n+x
(−1)n20(n+ x)
2 + 8(n+ x) + 1
4n+x
?
=
8
pi2
− 4x2 + 50ζ(2)x4 − 448ζ(3)x5 +O(x6). (3)
A p-adic analogue of 1/pi2 is p2, and a p-adic analogue of ζ(k) is ζp(k), which is defined
in [5, Definition 3.4]. Then, we conjecture that a p-adic analogue of the identity (3) is an
expansion (with rational coefficients) of the form:
p−1∑
n=0
(
1
2
)5
n
(1)5n
(−1)n
4n
(20n2 + 8n+ 1)
?≡ r2p2 + r4ζp(2) p4 + r5ζp(3) p5 + · · · . (4)
But ζp(2) = 0 [6, Section 1.3] and [7, answer by Loeffler], and ζp(3) ≡ ζ(4− p) (mod p)
for p ≥ 5 is a particular case of ζp(k) ≡ ζ(1 + k − p) (mod p) for p ≥ k + 2 (which comes
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from [5, page 10 top]). Hence, we see that (4) agrees with (1), and we conjecture the
p-adic expansion identity:
p−1∑
n=0
(
1
2
)5
n
(1)5n
(−1)n
4n
(20n2 + 8n+ 1)
?≡ p2 − 7
2
ζp(3) p
5 + · · · . (5)
3. Other examples
Example 1. The following formula holds [1, Example 60]:
∞∑
n=0
(
1
2
)
n
(
1
6
)
n
(
5
6
)
n
(1)3n
74n+ 7
2n+ 1
(
27
64
)n
= 8. (6)
Expanding in powers of x, we get
∞∑
n=0
(
1
2
)
n+x
(
1
6
)
n+x
(
5
6
)
n+x
(1)3n+x
74(n+ x) + 7
2(n+ x) + 7
(
27
64
)n+x
?
= 8− 144ζ(2)x2 + 1792ζ(3)x3 +O(x4). (7)
Hence, we conjecture the following p-adic expansion:
p−1∑
n=0
(
1
2
)
n
(
1
6
)
n
(
5
6
)
n
(1)3n
74n+ 7
2n+ 1
(
27
64
)n
?≡ r1 + r2ζp(2)p2 + r3ζp(3)p3 + · · · .
As ζp(2) = 0 and ζp(3) ≡ ζ(4 − p) for p > 3, it agrees with Zudilin-Zhao’s pattern of
supercongruences:
p−1∑
n=0
(
1
2
)
n
(
1
6
)
n
(
5
6
)
n
(1)3n
74n+ 7
2n+ 1
(
27
64
)n
?≡ 7− 105
2
ζ(4− p)p3 (mod p4), (8)
and we conjecture the following p-adic expansion:
p−1∑
n=0
(
1
2
)
n
(
1
6
)
n
(
5
6
)
n
(1)3n
74n+ 7
2n+ 1
(
27
64
)n
?≡ 7− 105
2
ζp(3)p
3 + · · · . (9)
Example 2. The following conjectured formula is known [2]:
∞∑
n=0
(
1
2
)
n
(
1
3
)
n
(
2
3
)
n
(
1
6
)
n
(
5
6
)
n
(1)5n
(−1)n
803n
(5418n2 + 693n+ 29)
?
=
128
√
5
pi2
, (10)
If we expand (10) extended with x in powers of x, we get
1
128
∞∑
n=0
(
1
2
)
n+x
(
1
3
)
n+x
(
2
3
)
n+x
(
1
6
)
n+x
(
5
6
)
n+x
(1)5n+x
(−1)n5418(n+ x)
2 + 693(n+ x) + 29
803(n+x)
?
=
√
5
pi2
− 15
2
√
5x2 +
110875
32
L5(2)x
4 − 42000L5(3)x5 +O(x6). (11)
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We conjecture a p-adic analogue of the form:
p−1∑
n=0
(
1
2
)
n
(
1
3
)
n
(
2
3
)
n
(
1
6
)
n
(
5
6
)
n
(1)5n
(−1)n
803n
(5418n2 + 693n+ 29)
?≡ r2
(
5
p
)
p2 + r4L5,p(2) p
4 + r5L5,p(3) p
5 + · · · , (12)
where (5
p
) is the p-adic analogue of
√
5, p2 the p-adic analogue of 1/pi2, and L5,p(k) the
p-adic anologue of L5(k). As L5,p(2) = 0 and L5,p(k) ≡ L5(1+k−p) (mod p) for p ≥ k+2,
it agrees with Zudilin-Zhao’s pattern of supercongruences. We get
p−1∑
n=0
(
1
2
)
n
(
1
3
)
n
(
2
3
)
n
(
1
6
)
n
(
5
6
)
n
(1)5n
(−1)n
803n
(5418n2 + 693n+ 29)
?≡ 29
(
5
p
)
p2 − 35
216
L5(4− p) p3 (mod p4), (13)
and we conjecture the following p-adic expansion
p−1∑
n=0
(
1
2
)
n
(
1
3
)
n
(
2
3
)
n
(
1
6
)
n
(
5
6
)
n
(1)5n
(−1)n
803n
(5418n2+693n+29)
?≡ 29
(
5
p
)
p2− 35
216
L5,p(3) p
3+· · · .
Example 3. The following Ramnujan-like series was discovered by Boris Gourevitch [2]:
∞∑
n=0
(
1
2
)7
n
(1)7n
(
1
64
)n
(168n3 + 76n2 + 14n+ 1)
?
=
32
pi3
. (14)
Extending it with a variable x and expanding in powers of x, we get:
1
32
∞∑
n=0
(
1
2
)7
n+x
(1)7n+x
(
1
64
)n+x
(168(n+ x)3 + 76(n+ x)2 + 14(n+ x) + 1)
?
=
1
pi3
− 1
pi
x2 +
16
3
L
−4(1) x
4 − 8224
45
L
−4(3) x
6 + 1536L
−4(4) x
7 +O(x8). (15)
We conjecture a p-adic analogue of the following form:
p−1∑
n=0
(
1
2
)7
n
(1)7n
(
1
64
)n
(168n3 + 76n2 + 14n+ 1)
?≡ r3
(−4
p
)
p3 + r4L−4,p(1) p
4 + r6L−4,p(3) p
6 + r7L−4,p(4) p
7 (mod p8). (16)
As L
−4,p(1) = L−4,p(3) = 0, and L−4,p(4) ≡ L−4(5 − p) (mod p), we recover Zhao’s type
congruences:
p−1∑
n=0
(
1
2
)7
n
(1)7n
(
1
64
)n
(168n3+76n2+14n+1)
?≡
(−4
p
)
p3−6L
−4(5−p) p7 (mod p8), (17)
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and we have the p-adic expansion
p−1∑
n=0
(
1
2
)7
n
(1)7n
(
1
64
)n
(168n3 + 76n2 + 14n+ 1)
?≡
(−4
p
)
p3 − 6L
−4,p(4) + · · · .
Example 4. For the formula of Ramanujan-Orr type
3
529
∞∑
n=0
(
1
8
)
n
(
3
8
)
n
(
5
8
)
n
(
7
8
)
n(
1
2
)
n
(1)3n
6970n2 + 4037n+ 280
2n+ 1
(−1)n
(
214
234
)n
=
√
23
pi
, (18)
proved in [3], we have
3
529
∞∑
n=0
(
1
8
)
n+x
(
3
8
)
n+x
(
5
8
)
n+x
(
7
8
)
n+x(
1
2
)
n+x
(1)3n+x
6970(n+ x)2 + 4037(n+ x) + 280
2(n+ x) + 1
(−1)n
(
214
234
)n+x
?
=
√
23
pi
− 69
2
L
−23(1)x
2 + 529L
−23(2)x
3 +O(x4). (19)
The p-adic analogue is of the following form:
p−1∑
n=0
(
1
8
)
n
(
3
8
)
n
(
5
8
)
n
(
7
8
)
n(
1
2
)
n
(1)3n
6970n2 + 4037n+ 280
2n+ 1
(−1)n
(
214
234
)n
?≡
r1
(−23
p
)
p+ r2L−23,p(1)p
2 + r3L−23,p(2)p
3 (mod p4). (20)
But L
−23,p(1) = 0 and L−23,p(2) ≡ L−23(3− p) (mod p), and we see that the congruences
that we have found agree with Zhao-Zudilin’s pattern. We get
p−1∑
n=0
(
1
8
)
n
(
3
8
)
n
(
5
8
)
n
(
7
8
)
n(
1
2
)
n
(1)3n
6970n2 + 4037n+ 280
2n+ 1
(−1)n
(
214
234
)n
?≡
280
(−23
p
)
p+ 280L
−23,p(2)p
3 + · · · , (21)
and we conjecture that it is the p-adic analogue of (19).
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